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The consequences of the short range nature of the nucleon-nucleon interaction, which forces the
spatial part of the nuclear wave function to be as symmetric as possible, on the pseudo-SU(3) scheme
are examined through a study of the collective deformation parameters β and γ in the rare earth
region. It turns out that beyond the middle of each harmonic oscillator shell possessing an SU(3)
subalgebra, the highest weight irreducible representation (the hw irrep) of SU(3) has to be used,
instead of the irrep with the highest eigenvalue of the second order Casimir operator of SU(3) (the
hC irrep), while in the first half of each shell the two choices are identical. The choice of the hw
irrep predicts a transition from prolate to oblate shapes just below the upper end of the rare earth
region, between the neutron numbers N = 114 and 116 in the W, Os, and Pt series of isotopes,
in agreement with available experimental information, while the choice of the hC irrep leads to a
prolate to oblate transition in the middle of the shell, which is not seen experimentally. The prolate
over oblate dominance in the ground states of even-even nuclei is obtained as a by-product.
I. INTRODUCTION
Symmetries play an important role in shaping up the
properties of atomic nuclei [1–6]. On several occasions
they impose specific forms of development of bands of
energy levels as a function of the angular momentum,
and/or strict selection rules on the electromagnetic tran-
sitions allowed among the energy levels in a given nucleus.
Especially important are cases in which the predictions
are parameter independent, since in these comparison to
the experimental data can lead to approval or rejection
of a theory in a straightforward way.
The symmetry of the nuclear wave function is made
up by its spatial, spin, and isospin parts. Since the
nucleons (protons and neutrons) are fermions, the total
wave function has to be antisymmetric. At this point the
short range nature [7, 8] of the nucleon-nucleon interac-
tion plays an important role, namely it forces the spatial
part of the wave function to be as symmetric as possible
[9]. As a consequence, it also shapes up the spin-isospin
part of the wave function, which has to correspond to the
conjugate irreducible representation of the spatial part in
order to guarantee the antisymmetric nature of the total
wave function [10, 11].
These ideas have been recently tested in the frame-
work of the proxy-SU(3) scheme [12, 13] for heavy de-
formed nuclei. Within this scheme the SU(3) symmetry
of the harmonic oscillator [10, 14], exploited by Elliott
[15–17] for the description of sd shell nuclei, which is
known to be broken by the strong spin-orbit interaction
in higher shells [18], is recovered. In more detail, it is
known [18] that the spin-orbit interaction destroys the
SU(3) symmetry of a given harmonic oscillator shell by
forcing the Nilsson orbitals bearing the highest value of
the total angular momentum j to go into the shell be-
low, while the orbitals bearing the highest value of the
total angular momentum j from the shell above invade
the shell under consideration. The proxy-SU(3) scheme
recovers approximately the SU(3) symmetry by replacing
in each shell the intruder orbitals which have invaded the
shell from above by the orbitals which have escaped from
this shell into the lower one. The replacement is based
on orbitals differing by ∆K[∆N∆nz∆Λ] = 0[110] in the
standard Nilsson [19, 20] quantum numbers N (the to-
tal number of quanta), nz (the total number of quanta
along the body-fixed z-axis), Λ (the projection of the or-
bital angular momentum along the body-fixed z-axis),
and K (the projection of the total angular momentum
along the body-fixed z-axis). These 0[110] pairs of or-
bitals are known to exhibit maximal spatial overlaps [21],
similar to the ones of the Federman-Pittel pairs [22–24],
which are known to play a crucial role in the development
of nuclear deformation. Furthermore, they are known
to be related to enhanced proton-neutron interaction, as
indicated by double differences of experimental nuclear
masses [25, 26].
The short range of the nucleon-nucleon interac-
tion leads to intriguing results within the proxy-SU(3)
scheme, as discussed in detail in Ref. [27]. It turns out
that up to the middle of a given U(N) shell possessing an
SU(3) subalgebra, the irreducible representation (irrep)
containing the ground state band and in most cases addi-
tional bands, like the γ1 band and the first K = 4 band,
corresponds both to the hC irrep, i.e., the irrep with the
highest eigenvalue of the second order Casimir operator
C
SU(3
2 (λ, µ), where λ and µ are the Elliott quantum num-
bers [15–17] characterizing the SU(3) irrep (λ, µ), and to
the hw irrep, i.e., the irrep possessing the highest weight
[28]. Beyond the middle of the shell, however, this agree-
ment is destroyed. The ground state band and its com-
panions lie in the highest weight (hw) irrep of SU(3),
which is not the same as the hC irrep carrying the maxi-
mum eigenvalue of C
SU(3
2 (λ, µ), except in the case of the
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2last four particles in the shell.
This breaking of the particle-hole symmetry in the
U(N) shells has two important physical implications: a)
The majority of nuclei in a shell exhibit ground states
with prolate deformations, thus resolving the long stand-
ing question [29] of the reason causing the dominance of
prolate over oblate deformation in the ground states of
even-even nuclei. b) A prolate to oblate transition is ob-
served near the end of both the neutron 82-126 shell and
the proton 50-82 shell in rare earth nuclei, in agreement
to experimental evidence [30–34] and theoretical predic-
tions [13, 35].
The crucial role played by the short range of the in-
teraction and the Pauli principle is also manifested in an
another field of physics, namely metallic clusters [36–39].
The potentials used in metallic clusters have a harmonic
oscillator-like shape similar to that of the nuclear po-
tentials, albeit with a depth smaller by several orders
of magnitude [36, 38, 39]. Metallic clusters are simpler,
since in their case neither the spin-orbit interaction nor
the pairing force are present [40, 41]. The short range
nature of the interaction and the Pauli principle alone,
within the SU(3) symmetry lead to experimentally ob-
served [42–46] prolate shapes above the magic numbers
[47–54] seen in alkali clusters, while oblate shapes are
seen below these magic numbers. Details of this study
will be reported elsewhere [55]. In the framework of this
study [55] it is also proved that the highest weight SU(3)
irrep for a given number of particles is the irrep charac-
terized by the highest percentage of symmetrized parti-
cles allowed by the Pauli principle in relation to the total
number of particles in the physical system. Therefore we
see that the short range of the interaction and the Pauli
principle, when present in systems bearing an underlying
SU(3) symmetry, have important consequences of global
validity.
In the present work we apply the particle-hole sym-
metry breaking to the pseudo-SU(3) scheme [56–61], in
which the SU(3) symmetry of the harmonic oscillator
[10, 14] is restored by replacing the quantum numbers
(number of quanta, angular momenta, spin) characteriz-
ing the levels remaining in a nuclear shell after the de-
sertion of the levels going into the shell below by new,
“pseudo” quantum numbers, which map these levels onto
a full shell with one quantum of excitation less. In this
way the “remaining” levels (also called normal parity lev-
els) acquire full SU(3) symmetry, while the intruder levels
(also called abnormal parity levels, since they have parity
opposite to the parity of the “remaining” ones) are set
aside and treated separately. It should be noted that the
replacement of the “remaining” levels by their “pseudo”
counterparts is an exact process, described by a unitary
transformation [62, 63]. In the lowest order approxima-
tion, the intruder levels are treated as spectators, while
the “remaining” levels, as described in the framework of
the pseudo-SU(3) symmetry, derive the collective prop-
erties of the nucleus. This is the approximation we are
going to use in the present work. At a more sophisticated
level, the intruder levels are taken into account [64, 65]
as a single j-shell of the shell model.
II. SU(3) IRREPS IN THE PSEUDO-SU(3)
SCHEME
The first step needed for the description of a nucleus
within the pseudo-SU(3) scheme is the distribution of the
valence protons (neutrons) into the appropriate pseudo-
SU(3) shells and the intruder orbitals. One way to
achieve this is by looking at the relevant Nilsson diagrams
[19, 20, 66]. If one knows the deformation of the nucleus,
it is easy to place the valence protons (neutrons) in the
Nilsson orbitals of the relevant shell and see how many of
them belong to the “remaining” orbitals and how many
go into the “intruder” ones. In order to do so, one should
have in hand in advance an estimate for the deformation
of the given nucleus. We are going to use as such esti-
mates the deformations predicted by the D1S Gogny in-
teraction [67], which are known to be in good agreement
with existing experimental data [68]. The distribution
of protons and neutrons into pseudo-SU(3) shells and in-
truder orbitals for the rare earth nuclei with Z = 50−82
and N = 82− 126 is shown in Table 1.
Once the number of valence protons (neutrons) in the
relevant pseudo-SU(3) shell is known, the SU(3) irrep
(λp, µp) characterizing the protons and the SU(3) ir-
rep (λn, µn) characterizing the neutrons can be found
by looking at Table 2, in which the SU(3) irreps corre-
sponding to the relevant particle number are given. The
valence protons of this shell live within a U(10) pseudo-
SU(3) shell, which can accommodate a maximum of 20
particles, while the valence neutrons live within a U(15)
pseudo-SU(3) shell, which can accommodate a maximum
of 30 particles. In Table 2 for each U(N) algebra and each
particle number, two irreps are reported. One of them is
the highest weight irrep, labelled by hw, while the other
is the irrep possessing the highest eigenvalue of the sec-
ond order Casimir operator C
SU(3
2 (λ, µ), labelled by hC.
Both of them have been obtained using the code of Ref.
[28]. Details on the derivation and the physical meaning
of the hw and hC irreps have been given in [70, 71].
As we have already remarked, we are going to produce
results for two cases: a) both protons and neutrons live
in shells in which the hw irreps are taken into account,
b) both protons and neutrons live in shells in which the
hC irreps are taken into account. In both cases it will
be assumed that the whole nucleus is described by the
“stretched” SU(3) irrep (λp + λn, µp + µn) [64]. The
results for the former case are shown in Table 3, while
the results for the latter case are shown in Table 4.
The procedure described above can be clarified by two
examples.
a) For 15864 Gd94 one sees in [67] that the expected de-
formation is β = 0.356, which is very close to the exper-
imental value of 0.351 reported in [68]. The deformation
parameter  of the Nilsson model is related to β through
3the equation  = 0.946β [20]. Looking at the standard
proton Nilsson diagrams [66] for  = 0.33 we see that the
14 valence protons of 158Gd are occupying 5 orbitals of
normal parity and 2 orbitals of abnormal parity. Simi-
larly, looking at the standard neutron Nilsson diagrams
[66] for  = 0.33 we see that the 12 valence neutrons of
158Gd are occupying 4 orbitals of normal parity and 2
orbitals of abnormal parity. These values are reported in
Table 1, taking into account that each orbital accommo-
dates two particles. Now from Table 2 one sees that 10
protons (the ones with normal parity) in the U(10) shell
correspond to the irrep (10,4), while 8 neutrons (the ones
with normal parity) in the U(15) shell correspond to the
irrep (18,4). Therefore the total irrep for 158Gd, reported
in Table 3, is (28,8). Notice that since both the valence
protons and neutrons of normal parity lie within the first
half of their corresponding shell, the choice of the hw ir-
reps vs. the hC irreps makes no difference, thus the same
total irrep appears also in Table 4.
b)For 17670 Yb106 one sees in [67] that the expected defor-
mation is β = 0.335, which is close to the experimental
value of 0.3014 reported in [68]. Looking at the standard
proton Nilsson diagrams [66] for  = 0.30 we see that the
20 valence protons of 176Yb are occupying 6 orbitals of
normal parity and 4 orbitals of abnormal parity. Simi-
larly, looking at the standard neutron Nilsson diagrams
[66] for  = 0.30 we see that the 24 valence neutrons of
176Yb are occupying 8 orbitals of normal parity and 4
orbitals of abnormal parity. These values are reported in
Table 1. Now from Table 2 one sees that 12 protons (the
ones with normal parity) in the U(10) shell correspond
to the hw irrep (12,0), but they belong to the (4,10) hC
irrep if the highest eigenvalue of C
SU(3)
2 is considered.
Furthermore 16 neutrons (the ones with normal parity)
in the U(15) shell correspond to the hw irrep (18,8), but
they belong to the (6,20) hC irrep if the highest eigen-
value of C
SU(3)
2 is considered. Therefore the total irrep
for 176Yb is (30,8) if the hw irreps are taken into account
and is reported in Table 3. However, if the hC irreps
are considered, the total irrep for the same nucleus is
(10,30), reported in Table 4. Notice that since both the
valence protons and neutrons of normal parity lie within
the second half of their corresponding shell, the choice
of the hw irreps vs. the irreps with highest eigenvalue
of C
SU(3)
2 makes a big difference, resulting in a clearly
prolate (λ > µ) irrep in the first case and in a clearly
oblate (λ < µ) irrep in the second case.
III. SHAPE VARIABLES
The labels λ and µ of the SU(3) irrep (λ, µ) are known
[72, 73] to be related to the shape variables β and γ
of the geometric collective model of Bohr and Mottel-
son [74], in which β describes the degree of deviation
from the spherical shape (which corresponds to β = 0),
while γ describes the deviation from axial symmetry, with
γ = 0 corresponding to prolate (rugby ball like) shapes,
γ = pi/3 corresponding to oblate (pancake like) shapes,
and in between values corresponding to triaxial shapes,
with maximum triaxality obtained at γ = pi/6. The cor-
respondence is obtained by mapping the invariants of the
two theories onto each other [72, 73]. In more detail, the
second and third order Casimir operators of SU(3), which
are the invariants of the SU(3) model, are mapped onto
the invariants of the collective model, which are β2 and
β3 cos 3γ. The results of the mapping are [72, 73]
γ = arctan
(√
3(µ+ 1)
2λ+ µ+ 3
)
, (1)
and [72, 73]
β2 =
4pi
5
1
(Ar¯2)2
(λ2 + λµ+ µ2 + 3λ+ 3µ+ 3), (2)
where the quantity in parentheses is related to the second
order Casimir operator of SU(3) [1],
C2(λ, µ) =
2
3
(λ2 + λµ+ µ2 + 3λ+ 3µ), (3)
while A is the mass number of the nucleus and r¯2 is
related to the dimensionless mean square radius [7],√
r¯2 = r0A
1/6. The constant r0 is determined from a
fit over a wide range of nuclei [75, 76]. We use the value
in Ref. [72], r0 = 0.87, in agreement to Ref. [76].
The question of rescaling β in relation to the size of
the shell appears at this point, as in the case of proxy-
SU(3) [13]. On one hand, from Table 2 (as well as from
more extended tables reported in Ref. [13]), it is clear
that λ is proportional to the size of the shell, especially
for irreps with λ  µ. On the other hand, from Eq.
(2) it becomes evident that for the same kind of irreps,
β is proportional to λ. If we had a theory in which all
nucleons could be accommodated within a single SU(3)
irrep, λ would have been proportional to A. Since this is
not the case here, it turns out that β has to be multiplied
by a factor A/(Sp + Sn), where Sp (Sn) is the size of
the SU(3) proton (neutron) shell. In the present case,
within the pseudo-SU(3) model, these sizes are 20 and
30 respectively, thus β has to be multiplied by A/50.
It would be instructive to compare the theoretical pre-
dictions to empirical information, where available. Ex-
perimental values for β are determined by measuring the
electric quadrupole transition rate from the 0+1 ground
state to the first excited 2+1 state, B(E2; 0
+
1 → 2+1 ), and
are readily available in Ref. [68]. Since no direct exper-
imental information exists for γ, we proceed, as in Ref.
[13], to an estimation of it from the energy ratio of the
bandhead of the γ1 band over the first excited state of
the ground state band,
R =
E(2+2 )
E(2+1 )
, (4)
4using as a bridge the Davydov model for triaxial nuclei
[8, 77, 78], in the framework of which one has
sin 3γ =
3
2
√
2
√
1−
(
R− 1
R+ 1
)2
. (5)
Empirical values of γ extracted in this way will be used
in the next section.
IV. NUMERICAL RESULTS
Numerical results for the collective deformation vari-
ables β and γ for several isotopic chains of rare earths
are shown in Figs. (1)-(4) and Figs. (5)-(8) respectively.
In Fig. (1) the influence of the choice of the hw irreps
vs. the hC irreps on β is shown. While in all cases the
predictions for β are identical up to the middle of the
neutron shell, the hw predictions lie systematically lower
than the hC predictions in the upper half of the shell.
The influence of the choice of the hw irreps vs. the hC
irreps is more dramatic on the γ values, shown in Fig.(5).
Again the predictions are identical up to the midshell,
whereas beyond it they diverge dramatically. The hC
predictions immediately jump above the γ = 30o border
between prolate and oblate shapes, thus giving a clear
sign for a prolate to oblate shape transition in the middle
of the shell, which is not seen experimentally, while the
hw predictions cross the prolate to oblate border only in
the case of the W and Pt isotopic chains.
The nearly horizontal segments appearing in both fig-
ures correspond to the gradual filling of intruder neu-
tron orbitals, as seen in Table 1. When a series of in-
truder neutron orbitals gets gradually filled, the num-
ber of the neutrons in the “remaining” orbitals remains
constant and therefore the relevant SU(3) irrep remains
unchanged.
An interesting detail can be noticed in Fig. (5). In
the Ce, Sm, Dy, W, and Pt isotopic chains the hw and
C curves meet again at N=122, while in the Yb isotopic
chain they do not. This is due to the fact that in the
corresponding harmonic oscillator shells the hw and hC
irreps, which are identical up to the midshell but follow
different paths above it, do meet again at the end of
the shell for the last 4 particles in each shell, as seen in
Table 2. From Table 1 we see that for all isotopic chains
considered, at N = 122 one has 26 valence neutrons of
normal parity, which means 4 particles below the end
of the shell, where the hw and hC irreps become again
identical. Therefore for N = 122 the hw and hC neutron
irreps will be identical in all chains of isotopes. However,
one has also to take into account the proton irreps. From
Table 1 we see that the proton irreps will be identical
in the Xe to Er isotopic chains, which possess up to 10
valence protons of normal parity, i.e. lie in the first half
of the U(10) shell. They will also be identical in the W,
Os, and Pt isotopic chains, which lie within the last four
particles below the full U(10) shell. Therefore the only
isotopic chains in which the hw and hC irreps for protons
differ are the Yb and Hf chains. As a consequence, the
γ values in Fig. (5) do not converge at N = 122 for
the Yb isotopes, because the hw and hC proton irreps
are different, although the hw and hC neutron irreps are
identical.
The effects mentioned above can also be seen in Figs.
(2) and (6), in which the β and γ predictions for all iso-
topic chains from Xe to Pt are summarized. In Fig. (2)
it is clear that both the hw and C choices give identical
predictions for β up to midshell, while above midshell
the hw predictions for β lie systematically lower than the
C predictions for all isotopic chains shown. In Fig. (6)
it is clear that both the hw and C choices give identical
predictions for γ up to midshell. Above midshell the C
predictions jump up to oblate values immediately after
midshell, while the hw predictions cross the prolate to
oblate border of γ = 30o much later, at N = 114-116,
and this only happens for the Hf, W, Os, and Pt isotopic
chains, in agreement to existing experimental evidence,
which has been extensively reviewed in Ref. [13] and
needs not to be repeated here.
In what follows attention is focused on the hw predic-
tions of pseudo-SU(3).
In Fig. (3) the hw pseudo-SU(3) predictions for β are
compared to predictions by the D1S Gogny interaction
[67] and to the available experimental values [68]. In
all isotopic chains the hw pseudo-SU(3) predictions lie
lower than the D1S Gogny values near midshell, while
they are higher than the D1S Gogny predictions near the
beginning and near the end of the neutron shell. The
same comments can be made when comparing the hw
pseudo-SU(3) predictions to the data in the Ce, Sm, Dy,
Yb, and Pt isotopic chains, while in the W isotopic chain
the agreement of the hw pseudo-SU(3) predictions to the
data is impressive.
In Fig. (7) the hw pseudo-SU(3) predictions for γ are
compared to predictions by the D1S Gogny interaction
[67] and to the available empirical values obtained as de-
scribed in Sec. 3. In several cases the hw pseudo-SU(3)
predictions lie within the error bars of the D1S Gogny
predictions, which are in very good agreement with the
empirical values.
In Fig. (4) the predictions for β of the hw pseudo-
SU(3) and of proxy-SU(3) are compared. In general, the
predictions are very similar in the beginning of the neu-
tron shell, while in the middle of the shell the proxy-
SU(3) predictions are in general higher than the hw
pseudo-SU(3) predictions. Finally, near the end of the
shell, the hw pseudo-SU(3) predictions become higher
than the proxy-SU(3) ones. In the same figure, predic-
tions by Relativistic Mean Field (RMF) theory [79] are
reported. In the beginning of the neutron shell the RMF
predictions are lower than the hw pseudo-SU(3) and
proxy-SU(3) predictions, while near midshell the RMF
and proxy-SU(3) predictions are closer to each other.
Near the end of the neutron shell the agreement between
the three theories is better than in the beginning of the
5shell.
In Fig. (8) the predictions for γ of the hw pseudo-
SU(3) and of proxy-SU(3) are compared. Remarkable
similarity between the results of the two theories is seen,
despite the different approximations made and the dif-
ferent harmonic oscillator shells used in each of them.
In particular, minima related to low values of µ in the
(λ, µ) irrep appear for both theories around N = 100-
102 and N = 112. Considerable disagreement is seen in
the beginning of the neutron shell, where proxy-SU(3)
predicts minima at N = 88, 94, while the hw pseudo-
SU(3) shows a stabilized region around N = 90, related
to the gradual filling of the abnormal parity neutron or-
bitals. It should be remembered that the N = 90 iso-
tones 150Nd, 152Sm, and 154Gd are the best examples
of the X(5) critical pointy symmetry [80], characterizing
the shape/phase transition [81, 82] between spherical and
prolate deformed shapes.
V. CONCLUSION
In this work we have considered the implications of
particle-hole symmetry breaking on the calculation of the
collective shape variables β and γ within the framework
of the pseudo-SU(3) scheme. The particle-hole symme-
try breaking has deep physical roots, since it is due to
the short range of the nucleon-nucleon interaction and
the Pauli principle. Therefore it is expected to appear in
a general way in systems of many fermions, thus paving
the way for further investigations in many body fermionic
systems in other branches of physics. A recent study in
metallic clusters, explaining the appearance of prolate
shapes above the magic numbers and of oblate shapes
below the magic numbers seen in these physical systems
will be published elsewhere [55]. Within the realm of
the nuclear pseudo-SU(3) model, it has been shown that
the particle-hole symmetry breaking leads to parameter
independent predictions for the nuclear deformation β
which are in good agreement with relativistic and non-
relativistic mean field predictions, as well as to the exper-
imental data, where known. The parameter-independent
predictions of the pseudo-SU(3) scheme for the γ shape
variable are even more dramatic. Particle-hole symme-
try breaking leads to an answer to the long standing
question of prolate over oblate deformation dominance
in the ground states of even-even nuclei, as well as to the
prediction of a prolate to oblate shape/phase transition
in rare earths around 114-116 neutrons, in good agree-
ment with available empirical information. The pseudo-
SU(3) predictions are also in good agreement with the
predictions of proxy-SU(3) [13, 35]. The compatibility of
proxy-SU(3) and pseudo-SU(3) predictions has also been
demonstrated recently in the study of quarteting in heavy
nuclei [83]. It is interesting that these two different ap-
proximation methods of restoring the SU(3) symmetry in
medium mass and heavy nuclei lead to results which are
very similar to each other. Since pseudo-SU(3) has been
applied mostly in the lower half of nuclear shells [84–86],
the present work paves the way for its application in the
upper half of nuclear shells, in which unique phenom-
ena, as the prolate to oblate shape/phase transition take
place.
Restoration of an approximate SU(3) symmetry in nu-
clei beyond the sd shell can also be achieved in the frame-
work of the quasi-SU(3) scheme [87, 88], which has been
found to be very appropriate for the description of N = Z
nuclei [88]. It would be an interesting project to examine
how the particle-hole symmetry breaking appears within
the quasi-SU(3) framework and how the prolate over
oblate dominance and the prolate to oblate shape/phase
transition come out within this model.
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8TABLE I: Distribution of valence protons and valence neutrons into normal and abnormal parity orbitals in the rare earth region,
as obtained from the standard Nilsson diagrams [66], using for each nucleus the deformation parameter obtained from Ref.
[67], as discussed in Section 2. In each sum, the first number represents the normal parity nucleons, while the second number
corresponds to the abnormal parity nucleons. See the two examples at the end of Section 2 for more detailed explanations. The
valence protons in normal parity orbitals live within a U(10) pseudo-SU(3) shell, while the valence neutrons in normal parity
orbitals live within a U(15) pseudo-SU(3) shell. Adopted from Ref. [69].
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9TABLE II: Highest weight irreducible representations (irreps), labeled by hw, and irreps possessing the highest eigenvalue of
the second order Casimir operator of SU(3) (see Eq. (3)), labeled by hC, occurring in the decomposition of U(10) and U(15)
for M particles, as obtained through the code of Ref. [28]. Oblate irreps are shown in boldface. A more extended version of
the table has been given in Ref. [13]. Adopted from Ref. [69].
M 2 4 6 8 10 12 14
U(10) hw (6,0) (8,2) (12,0) (10,4) (10,4) (12,0) (6,6)
U(10) hC (6,0) (8,2) (12,0) (10,4) (10,4) (4,10) (0,12)
U(15) hw (8,0) (12,2) (18,0) (18,4) (20,4) (24,0) (20,6)
U(15) hC (8,0) (12,2) (18,0) (18,4) (20,4) (24,0) (20,6)
M 16 18 20 22 24 26 28
U(10) hw (2,8) (0,6) (0,0)
U(10) hC (2,8) (0,6) (0,0)
U(15) hw (18,8) (18,6) (20,0) (12,8) (6,12) (2,12) (0,8)
U(15) hC (6,20) (0,24) (4,20) (4,18) (0,18) (2,12) (0,8)
TABLE III: Total irreps corresponding to rare earth nuclei obtained when the highest weight irreps (hw) are used for both the
valence protons and the valence neutrons. The irreps are taken from Table 2, as explained in Section 2 through two examples.
Oblate irreps are shown in boldface. Adopted from Ref. [69].
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TABLE IV: Total irreps corresponding to rare earth nuclei obtained when the irrep having the highest eigenvalue of the second
order Casimir operator of SU(3) (hC) is used for both the valence protons and the valence neutrons. The irreps are taken from
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FIG. 1: Pseudo-SU(3) predictions for the collective deformation variable β for six series of isotopes in the rare earth region.
The predictions labeled by hw have been obtained using the highest weight irreps of SU(3), while those labeled by C have been
obtained using the hC irreps of SU(3) having the highest eigenvalue of the second order Casimir operator of SU(3), C
SU(3)
2 .
See Section IV for further discussion.
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FIG. 2: Pseudo-SU(3) predictions for the collective deformation variable β for the Xe-Pt series of isotopes in the rare earth
region. The predictions labeled by hw (top panel) have been obtained using the highest weight irreps of SU(3), while those
labeled by C (bottom panel) have been obtained using the hC irreps of SU(3) having the highest eigenvalue of the second order
Casimir operator of SU(3), C
SU(3)
2 . See Section IV for further discussion.
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FIG. 3: The pseudo-SU(3) hw predictions shown in Fig. 1 for the collective deformation variable β for six series of isotopes in
the rare earth region are compared to results by the D1S-Gogny interaction (Gogny D1S mean) [67], as well as with empirical
values (exp.) [68]. See Section IV for further discussion.
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FIG. 4: The pseudo-SU(3) hw predictions shown in Fig. 1 for the collective deformation variable β for six series of isotopes
in the rare earth region are compared to proxy-SU(3) results obtained as described in Ref. [13], as well as to relativistic mean
field theory (RMF) predictions[79]. See Section IV for further discussion.
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FIG. 5: Pseudo-SU(3) predictions for the collective deformation variable γ for six series of isotopes in the rare earth region.
The predictions labeled by hw have been obtained using the highest weight irreps of SU(3), while those labeled by C have been
obtained using the hC irreps of SU(3) having the highest eigenvalue of the second order Casimir operator of SU(3), C
SU(3)
2 .
See Section IV for further discussion.
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FIG. 6: Pseudo-SU(3) predictions for the collective deformation variable γ for the Xe-Pt series of isotopes in the rare earth
region. The predictions labeled by hw (top panel) have been obtained using the highest weight irreps of SU(3), while those
labeled by C (bottom panel) have been obtained using the hC irreps of SU(3) having the highest eigenvalue of the second order
Casimir operator of SU(3), C
SU(3)
2 . Adopted from Ref. [69]. See Section IV for further discussion.
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FIG. 7: The pseudo-SU(3) hw predictions shown in Fig. 5 for the collective deformation variable γ for six series of isotopes in
the rare earth region are compared to results by the D1S-Gogny interaction (Gogny D1S mean) [67], as well as with empirical
values (exp.), calculated through Eq. (5). See Section IV for further discussion.
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FIG. 8: The pseudo-SU(3) hw predictions shown in Fig. 5 for the collective deformation variable γ for six series of isotopes
in the rare earth region are compared to proxy-SU(3) results obtained as described in Ref. [13]. See Section IV for further
discussion.
